For generalized 2D Ising model in an external magnetic field with the interaction of nearest neighbors, next nearest neighbors, all kinds of triple interactions and the quadruple interaction the formulas for finding free energy per lattice site in the thermodynamic limit were derived on a certain set of exact disordered solutions depending on seven parameters. Lattice models are considered with boundary conditions with a shift (similar to helical ones), and with cyclic closure of the set of all points in natural ordering. The elementary transfer matrix with nonnegative matrix elements are constructed. On the set of disorder solutions the largest eigenvalue of the transfer matrix is constant for every size of considering planar lattice, and, in particular, in the thermodynamic limit. Free energy per lattice site in the thermodynamic limit is expressed through the natural logarithm of the largest eigenvalue of transfer matrix. This largest eigenvalue can be found for a special form of eigenvector with positive components. The numerical example show the existence of nontrivial solutions of the resulting systems of equations. The system of equations and the value of free energy in the thermodynamic limit will remain the same for 2D generalized Ising models with Hamiltonians, in which the values of two (out of four) neighboring maximal spins in the natural ordering are replaced by the values of the spins at any other two lattice points adjacent in the natural ordering, this significantly expands the set of models having disordered exact solutions. The high degree of symmetry and inductive construction of the components of the eigenvectors, which disappear when going beyond the framework of the obtained set of exact solutions, is an occasion to search for phase transitions in the vicinity of this set of disordered solutions.
Introduction
Ising model with interactions between pairs of nearest neighbours is one of the most studied systems in statistical mechanics. Some exact solutions ( with an analitical formulae for the partition function or free energy of the system) were obtained mainly for planar models, among these the exact Onsager's solution [1] of two-dimensional Ising model without an external magnetic field stands out clearly. Publications [2] - [20] are devoted to the theme of disorder solutions [6] , obtained on a subset in the space of parameters of a physical system. Good reviews on this theme can be found in Wu F.Y. [2] , Baxter R.J. [3] . The transfer matrix apparatus is widely used in statistical physics [1] , [10] , [21] - [24] , [27] - [28] . This article is a logical continuation of the author's works [24] , [27] and [28] , which outlines a general methodology for finding such disordered solutions for generalized Ising and Potts models, and explicitly some of these solutions for planar and three-dimensional generalized Ising model are obtained. It is also shown [24] how using the Levenberg -Marquardt method [25] it is possible to obtain a numerical solution of the resulting systems of nonlinear equations.
In this article, we consider planar generalised Ising models in the external magnetic field with general form of multi-spin interaction with nearest neighbors, next nearest neighbors, all kinds of triple interactions and the quadruple interaction. Toroidal boundary conditions are with a shift by one (similar to helical ones), and a cyclic closure of the set of all points (in natural ordering) [24] . For these models, elementary transfer matrices [24] with non-negative elements were constructed, systems of equations were written and solved to find their largest eigenvalues (and the form of eigenvectors with positive components corresponding to these largest eigenvalues by the Perron-Frobenius theorem [26] ). Thus, on the set of disorder solutions the largest eigenvalue of the transfer matrix is constant for every size of considering planar lattice, and, in particular, in the thermodynamic limit. The natural logarithm of the largest eigenvalue, taken with the opposite sign, is the division of the free energy and the product of Boltzmann's constant and temperature. The exact solutions of the system of equations, depending on seven parameters, were obtained in an explicit form. The system of equations and the value of free energy per lattice site in the thermodynamic limit remain the same for plane models with Hamiltonians in which the values of two (out of four) neighboring maximal spins in the natural ordering are replaced by the values of the spins at any other two lattice points neighboring in the natural ordering (2.1), this is significantly expands the set of models having disordered exact solutions. The periodicity of the eigenvectors' components, which disappears when we go beyond the framework of the obtained set of disordered solutions, is a cause for searching phase transitions in the neighborhood of this set.
Let us consider two-dimensional lattice (more detailed description of this lattice can be found in [24] , notations in this study are similar with notations in [24] ). Let us assume
(1.1)
Then let us make the following identification
Due to the process of identifying points, the total number of lattice sites L 2 is equal to L = L 1 L 2 . Thus, special boundary toroidal cyclic helical (with a shift) conditions are set on L 2 . We renumber all points L 2 :
(1.3) This numeration determines the nature cyclic detour at every point (in the positive direction) and local (cyclic) ordering. Let us consider that there is a particle in each site t = (t 1 , t 2 ). The state of particle is defined by spin σ t , which at every site of lattice t = (t 1 , t 2 ) can take two values: σ t ∈ X = {+1, −1} . Every spin interacts with the eight nearest spins. The Hamiltonian of generalized two-dimensional Ising model has the form
where J i , i = 1, ..., 9 are corresponding coefficients of multi-spin interaction. We rewrite the Hamiltonian (1.4) in the form
Partition function of model with the Hamiltonian (1.5) can be written in the following form
where summation perfomed over all spins. Let us introduce
is the parameter that determines the interaction with a external field with a coefficientĥ . Then partition function (1.5) can be represented in the form
For using model we write the elementary transfer matrix Θ = Θ p,q of size 2 L1+1 × 2 L1+1 in the same way, as in [24] , [28] . Nonzero elements of the transfer matrix Θ = Θ p,q are specified by all sorts of pairs of sets of spins {(σ τ 0 , σ τ 1 , ..., σ τ L 1 ),
wherein p = L1 k=0 ((1 − σ τ k )/2)2 k , p = 0, 1, . . . , 2 L1+1 − 1,
(1.10)
Then
(1.11)
Now the free energy at one site of lattice f in the thermodynamic limit can be written in the following form (for example, [3] ) :
where λ max is the largest transfer matrix eigenvalue Θ = Θ p,q . By the Perron-Frobenius theorem [26] the only one largest eigenvalue λ max of transfer matrix Θ = Θ p,q will correspond to a matrix with possitive elements (all matrix elements Θ L1+2 will strictly be greater than zero, the structure filled with nonzero elements becomes clear already for Θ 2 . Actually, at first the Perron-Frobenius theorem is used for matrix Θ L1+2 ). Let us assume
Let us define the values a ij ,j = 0, 1, ..., 7 , i = 0, 1:
Then nonzero elements of matrix Θ can be written in the form:
, r = 0, 1, l = 0, 1, s = 0, 1, i = 0, 1, k = 0, 1, . . . , 2 L1−2 − 1.
(1.15)
Finding the largest eigenvalue and eigenvector of the transfer matrix
The eigenvector of the transfer matrix Θ = Θ p,q , corresponding to the largest eigenvalue F , we represent in the following form:
(2.1)
Then by the Perron-Frobenius theorem [26] this eigenvector with all positive elements will correspond to the single maximal eigenvalue F of the transter matrix Θ = Θ p,q . Let us denote
From the form of the elementary transfer matrix Θ ( fig.1 ) and the form of the eigenvector (9) (1.1-1.2), we have at
(2.5)
the following system of equations
(2.6) These eight equations (2.6) will repeat, perhaps, they will just be multiplied by c k for some k = 0, 1, 2, . . . . Then , using the form of the Hamiltonian (1.4), after dividing by c k > 0 and changing variable (2.4), we have
Remark 2.1. The system of equations will remain the same (2.6)-(2.7) , if in the formula of the Hamiltonian (1.5) we change σ τ i+L 1 and σ τ i+L 1 +1 to σ τ i+L 1 +m and σ τ i+L 1 +m+1 respectively with random integer value m > 0. The transfer matrix size will only change. This result helps to extend the class of models which disorder solutions are found for.
The solution of the system (2.7) is in the section 3. Below we write the resulting formulas of solution of the system (2.7), dependeing on seven parametersK 1 , K 3 , K 4 , 9. , h = H 2 and x 1 , x 2 are the roots of the following quadratic equation 
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where 
Free energy −f /(kT ) = ln(F ). 
Solving a system of equations for finding the maximum eigenvalue of a transfer matrix
The solution scheme for the system of equations (2.7) is following: Variable F from (2.7(1)) we substite in other equations (2.7(2))-(2.7(8)) of the system (2.7). After multiplying denominator and simplifying, we get the system, equivalent to (2.7):
where Lef t(i), Right(i), i = 1, . . . , 9 are the left and the right parts of the equation i of the system (2.7).
After multiplying by positive denominator, simplifying and exception the equation (1) of the system (3.1) (in the equation (1) lets us to get the variable F , not used in the other equations(2) − (8)), we get the following system of equations
We solve the linear with respect to b 2 , b 3 , b 4 subsystem of equations (2,3,4) of the system (3.2). We get
− u 1 u 3 u 2 4 u 2 7 u 2 9 + u 1 u 3 3 u 2 4 u 2 5 u 2 6 u 2 7 u 2 9 + +u 1 u 3 u 2 8 u 2 9 − −u 3 1 u 3 u 2 4 u 2 5 u 2 6 u 2 8 u 2 9 ))/(u 6 u 9 (−u 2 3 u 2 4 u 2 5 u 2 7 + +u 2 1 u 2 3 u 2 6 u 2 7 + u 2 1 u 2 4 u 2 5 u 2 8 − u 2 1 u 2 3 u 2 4 u 2 6 u 2 8 − u 2 1 u 2 7 u 2 8 u 2 9 + u 2 3 u 2 4 u 2 7 u 2 8 u 2 9 ))), b 3 = (−u 2 3 u 4 u 2 5 u 7 u 8 + u 2 1 u 3 4 u 2 5 u 7 u 8 − u 2 1 u 4 u 3 7 u 8 u 2 9 + u 2 1 u 2 3 u 4 u 2 5 u 2 6 u 3 7 u 8 u 2 9 + +u 2 3 u 4 u 7 u 3 8 u 2 9 − u 2 1 u 2 3 u 3 4 u 2 5 u 2 6 u 7 u 3 8 u 2 9 )/(cu 5 u 9 (u 2 3 u 2 4 u 2 5 u 2
3) in the equations (5-8) of the system(3.2). We remove variables b 2 , b 3 , b 4 , and after simplifying we have the following system. We write each of four remaining equations separately due to their size. 
